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Abstract: In this paper we shall give a generalization of Cobb-Douglas, CES, Lu-Fletcher, Liu-
Hildebrand, VES, Kadiyala production functions. We compute the principal indicators like the 
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1. Introduction 
In the economical analysis, the production functions had a long and interesting 
history. 
A production function is defined like P:R+×R+→R+, P=P(K,L) where P is the 
production, K - the capital and L – the labor such that: 
(1) P(0,0)=0; 
(2) P is differentiable of order 2 in any interior point of the production set; 
(3) P is a homogenous function of degree 1, that is P(rK,rL)=rP(K,L) ∀r∈R; 
(4) 
K
P
∂
∂ ≥0, 
L
P
∂
∂ ≥0; 
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(5) 2
2
K
P
∂
∂ ≤0, 2
2
L
P
∂
∂ ≤0. 
For any production function, we have a lot of indicators like: 
(6) ηK=
K
P
∂
∂
 - the marginal product of K; 
(7) ηL=
L
P
∂
∂
 - the marginal product of L; 
(8) RMS=
K
P
L
P
∂
∂
∂
∂
 - the marginal rate of substitution; 
(9) EK=
K
P
K
P
∂
∂
 - the elasticity of K; 
(10) EL=
L
P
L
P
∂
∂
 - the elasticity of L; 
(11) σ=
LK
PP
K
P
L
P
2
∂∂
∂
∂
∂
∂
∂
 - the elasticity of substitution. 
In [0] Charles Cobb and Paul Douglas formulate the well-known production 
function: P(K,L)=αKpL1-p where p∈[0,1] which have many applications in various 
economical problems. 
In [0] the authors generalize the preceding, obtained the CES production function: 
P(K,L)=α ( )ρρρ β−+β 1L)1(K , which for ρ=0 becomes Cobb-Douglas function. 
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The Lu-Fletcher production function generalized also, the CES function into the 
form: P(K,L)=α
β
β
β−−
β













ηδ−+δ
1
)1(c
L
L
K)1(K , which for c=0, η=1 becomes CES 
function. 
In [0] T.C. Liu and G.H. Hildebrand made a new generalization of CES function: 
P(K,L)=α ( )ηη−ηη δ+δ− 1)m1(m LKK)1(  for m=0. 
N.S. Revankar introduced the VES function: P(K,L)=αKρ(1-δµ)[L+(µ-1)K]ρδµ which 
for µ=1, ρ=1 is also a generalization of Cobb-Douglas production function. 
In [0], K.R. Kadiyala made an important generalization with: 
P(K,L)=E(t) ( ) 21212121 LcLKc2Kc 221211 β+β
ρ
β+ββββ+β ++  where c11+2c12+c22=1, cij≥0, 
β1(β1+β2)>0, β2(β1+β2)>0. 
For c12=0, ρ=1 Kadiyala obtain the CES function, c22=0 generates directly the Lu-
Fletcher function, for c11=0, c22=0, ρ=1 – the Cobb-Douglas function and, finally, 
for β1= δµ
1
-1, β2=1, c22=0 – the VES function. 
In what follows, we shall make a new generalization, from another point of view, 
of these functions. 
 
2. The sum production function 
Let the production function: 
(12) P(K,L)= ( )∑
=
++ ++α
n
1i
ppp
3i
pp
2i
pp
1ii
3i2i1i2i1i2i1i LcLKcKc , n≥1 
where: 
(13) αi>0 ∀i= n,1 ; 
(14) pi3∈(-∞,0)∪[1,∞), pi1pi2>0, pi3(pi1+pi2)=1 ∀i= n,1 ; 
(15) ( )∑
=
+
n
1i
3i1i2i ccc >0, cij≥0 ∀i= n,1  ∀j= 3,1 . 
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From (14) follows that if pi3<0 then pi1, pi2<0. If pi3≥1 then pi1, pi2>0 and 
pi1+pi2=
3ip
1
≤1 therefore: 1-pi1≥pi2>0, 1-pi2≥pi1>0. 
We have then the following cases: 
(16)   a) pi1, pi2, pi3∈(-∞,0) and pi3(pi1+pi2)=1; 
b) pi1, pi2∈(0,1), pi3∈[1,∞) and pi3(pi1+pi2)=1. 
From (15) we have that ∃i= n,1  such that ci2+ci1ci3>0 therefore, if for such an i, we 
have ci2=0 follows that ci1, ci3>0 and if ci2>0 follows that ci1, ci3 are arbitrary (of 
course non-negative). 
If we note: 
(17) 
L
K
=χ 
follows: 
(18) P=L ( )∑
=
+ +χ+χα
n
1i
p
3i
p
2i
pp
1ii
3i1i2i1i ccc  
Because χ≥0 and for any i= n,1  we have that αi>0 and at least one of ci1, ci2 or ci3 is 
greater than 0 we obtain P≥0. Also from (12): P(0,0)=0 and P is differentiable of 
order 2 in any interior point of the production set. 
We have now: 
P(rK,rL)=rL ( )∑
=
+ +χ+χα
n
1i
p
3i
p
2i
pp
1ii
3i1i2i1i ccc =r1P(K,L) therefore P is homogenous of 
first degree. 
Le note now: 
(19) Ai(χ)= 3ip2ipp1i ccc 1i2i1i +χ+χ + >0, i= n,1  
From (18) and (19) we have that: 
(20) P=L∑
=
χα
n
1i
p
ii
3i)(A =LΦ(χ) 
where: 
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(21) Φ(χ)=∑
=
χα
n
1i
p
ii
3i)(A  
From (19) we obtain easily: 
(22) ′iA (χ)= [ ]1i2ip2i1i1i1p pc)pp(c 2i1i +χ+χ − , i= n,1  
(23) ″iA (χ)= [ ])1p(pc)1pp)(pp(c 1i1i2ip2i1i2i1i1i2p 2i1i −+χ−++χ − , i= n,1  
From (17) we obtain after partial derivation: 
(24) 
K∂
χ∂
=
L
1
, 
L∂
χ∂
=-
2L
K
=-
L
χ
 
From (20) we have: 
(25) 
L
P
∂
∂
=Φ(χ)-χ Φ′ (χ), 
K
P
∂
∂
= Φ′ (χ) 
therefore: 
(26) 
L
P
∂
∂
=
L
P
-χ
K
P
∂
∂
 
who can be derived also, from Euler’s formula for homogenous functions. 
By derivation with L and after with K in (26) we obtain: 
2
2
L
P
∂
∂
= 2L
PL
L
P
−
∂
∂
+
L
χ
K
P
∂
∂
-χ
KL
P2
∂∂
∂
=-χ
KL
P2
∂∂
∂
 
KL
P2
∂∂
∂
=
L
1
K
P
∂
∂
-
L
1
K
P
∂
∂
-χ 2
2
K
P
∂
∂
=-χ 2
2
K
P
∂
∂
 
therefore: 
(27) 2
2
L
P
∂
∂
=-χ
KL
P2
∂∂
∂
 
(28) 2
2
K
P
∂
∂
=-
χ
1
KL
P2
∂∂
∂
 
(29) 2
2
L
P
∂
∂
=χ2 2
2
K
P
∂
∂
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therefore 2
2
L
P
∂
∂
 and 2
2
K
P
∂
∂
 have the same sign. 
We have now, from (20): 
(30) ηK=
K
P
∂
∂
=∑
=
−− +χχχα
n
1i
3i1i2i
p
1i
1p1p
ii )ppcc()(A 2i1i3i  
(31) ηL=
L
P
∂
∂
=∑
=
− χχ−χχα
n
1i
i3ii
1p
ii ))('Ap)(A()(A 3i  
Because: 
)('Ap)(A i3ii χχ−χ =( 3ip2ipp1i ccc 1i2i1i +χ+χ + )-χpi3( 1p1i2i1pp2i1i1i 1i2i1i pc)pp(c −−+ χ+χ+ )= 
ci2pi2pi3 1ipχ +ci3 
we obtain from (31): 
(32) ηL=
L
P
∂
∂
=∑
=
− +χχα
n
1i
3i
p
3i2i2i
1p
ii )cppc()(A 1i3i  
From (13)-(16) we can see easily that 
K
P
∂
∂ ≥0. 
We have now the following lemma which will be useful in all what follows: 
Lemma Let qi∈R*, i= m,1 , m≥1, qi≠qj ∀i,j= m,1 , i≠j. Therefore the functions iqχ , 
i= m,1  and the constant function 1 are linear independent, that is from the equality: 
∑
=
χβ
m
1i
q
i
i +βm+1=0 follows βi=0, i= 1m,1 + . 
Proof. Differentiating the equality ∑
=
χβ
m
1i
q
i
i +βm+1=0 m-times, we obtain: 
∑
=
−χ




β
m
1i
kqi
i
i
k
q
=0, k= m,1  
where 
!k
)1kq)...(1q(q
k
q iiii +−−
=





, k= m,1 . 
Let compute now the determinant of the system. We have: 
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mqmmq2mq1
2qm2q22q1
1qm1q21q1
m21
m21
m21
m
q
...
m
q
m
q
............
2
q
...
2
q
2
q
1
q
...
1
q
1
q
−−−
−−−
−−−
χ




χ




χ





χ




χ




χ





χ




χ




χ





= 
mqmq m1
...
−− χχ


















χ




χ




χ





χ




χ




χ





−−−
−−−
m
q
...
m
q
m
q
............
2
q
...
2
q
2
q
1
q
...
1
q
1
q
m21
2mm2m22m1
1mm1m21m1
= 
2
m)1m(
mqmq m1
...
−
−− χχχ






















































m
q
...
m
q
m
q
............
2
q
...
2
q
2
q
1
q
...
1
q
1
q
m21
m21
m21
=
2
m)1m(
mqmq m1
...
−
−− χχχ D. 
The degree of the determinant like function of q1, q2,…, qm is: 
1+2+…+m=
2
)1m(m +
 
If qi=qj, i≠j we have that columns i and j are equals then D=0. Also, if qi=0 for an 
i= m,1  follows that D=0. From this follows that: D=α ∏∏
≠
==
−
m
ji
1j,i
ji
m
1i
i )qq(q  with α a 
constant (because the degree of the right side is m+
2
)1m(m −
=
2
)1m(m +
. For m=2 
we have that D=q1q2(q2-q1) therefore α=1. 
We have that now the determinant of the system is: 
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2
m)1m(
mqmq m1
...
−
−− χχχ ∏∏
≠
==
−
m
ji
1j,i
ji
m
1i
i )qq(q ≠0 
From the system we obtain that βi=0, i= m,1  and from the initial equality follows 
that βm+1=0. Q.E.D. 
Returning at the production functions we have from (30) that if 
K
P
∂
∂
=0 follows that: 
3i1i2i
p
1i ppcc 2i +χ =0 ∀i= n,1  therefore from the lemma: 
ci1=ci2=0 ∀i= n,1  which is a contradiction with (15). We have finally that 
K
P
∂
∂
>0. 
From (32) we have that 
L
P
∂
∂ ≥0. If 
L
P
∂
∂
=0 we have: 3i
p
3i2i2i cppc 1i +χ =0 therefore: 
ci2=ci3=0 ∀i= n,1  which is a contradiction with (15). We have finally that 
L
P
∂
∂
>0. 
Let compute now the second derivatives. 
(33) L 2
2
K
P
∂
∂
=∑
=
− χχ−α
n
1i
2
i
2p
i3i3ii )('A)(A)1p(p 3i +∑
=
− χχα
n
1i
i
1p
i3ii )("A)(Ap 3i = 
[
]1i2i
2i1i1i3i
pp
2i3i2i2i1i
n
1i
p
2i1i3i1i1i3i1i2i3i
p2
3i2i1i
2
2i
2p2p
ii
)p1(ppcc
)pp1(cc)p1(ppccpppc)(A
+
=
−−
χ−
+χ−−+−+χχχα−∑
 
From (13)-(16) follows that L 2
2
K
P
∂
∂ ≤0. If 2
2
K
P
∂
∂
=0 we have that: 
1i2i2i1i pp
2i3i2i2i1i
p
2i1i3i1i1i3i1i2i3i
p2
3i2i1i
2
2i )p1(ppcc)pp1(cc)p1(ppccpppc +χ−+χ−−+−+χ =
0 
and from the lemma we have: ci2=0, ci1ci3=0 which is a contradiction with (15). We 
have therefore 2
2
K
P
∂
∂
<0. From (29) we obtain that 2
2
L
P
∂
∂
<0 and from (28) that 
KL
P2
∂∂
∂
>0. 
The marginal rate of substitution is: 
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(34) RMS=
K
P
L
P
∂
∂
∂
∂
=
K
P
K
P
L
P
∂
∂
∂
∂χ−
=
K
PL
P
∂
∂ -χ=
( )
∑
∑
=
−−
=
−
+χχχα
+χχα
n
1i
3i1i2i
p
1i
1p1p
ii
n
1i
3i
p
3i2i2i
1p
ii
)ppcc()(A
cppc)(A
2i1i3i
1i3i
. 
The elasticities of L and K are: 
(35) EL=
L
P
L
P
∂
∂
=1-χ
K
P
K
P
χ
∂
∂
=
∑
∑
=
=
−
χα
+χχα
n
1i
p
ii
n
1i
3i
p
3i2i2i
1p
ii
3i
1i3i
)(A
)cppc()(A
. 
(36) EK=1-EL 
The elasticity of substitution: 
(37) σ=
LK
PP
K
P
L
P
2
∂∂
∂
∂
∂
∂
∂
= 
[
])p1(ppcc
)pp1(cc)p1(ppccpppc)(A)(A
)ppcc)(cppc()(A)(A
2j3j2j
pp
2j1j
n
1j,i
p
2j1j3j1j1j3j1j2j3j
2
3j2j
p
1j
2
2j
2p2p
j
p
iji
n
1j,i
3j1j2j
p
1j3i
p
3i2i2i
1p1p
j
1p
iji
1j2j
2j1j1j3j3i
2j1i1j3j3i
−χ+
+χ−−+−+χχχχααχ
+χ+χχχχαα
+
=
−−
=
−−
−
∑
∑
 For n=1 we have: 
(38) P(K,L)= ( ) 3212121 ppp3pp2pp1 LcLKcKc ++ ++α  
where the conditions (13)-(15) becomes: 
(39) α>0; 
(40) p3∈(-∞,0)∪[1,∞), p1p2>0, p3(p1+p2)=1; 
(41) c2+c1c3>0, c1, c2, c3≥0 
From (30), (32)-(37) we obtain: 
(42) ηK=
K
P
∂
∂
= )ppcc()(A 312p11p1p 213 +χχχα −−  
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(43) ηL=
L
P
∂
∂
= )cppc()(A 3p3221p 13 +χχα −  
(44) [ ])p1(ppcc)pp1(cc)p1(ppccpppc)(A
K
PL 232
pp
21
p
213113123
2
32
p
1
2
2
2p2p
2
2
122113
−χ+χ−−+−+χχχα−=
∂
∂ +−−
 
(45) RMS= ( )
)ppcc()(A
cppc)(A
312
p
1
1p1p
3
p
322
1p
213
13
+χχχα
+χχα
−−
−
=
)ppcc(
cppc
312
p
1
1p
3
p
322
21
1
+χχ
+χ
−
 
(46) EL=
3
13
p
3
p
322
1p
)(A
)cppc()(A
χα
+χχα −
=
3
p
2
pp
1
3
p
322
ccc
cppc
121
1
+χ+χ
+χ
+
 
(47) EK=
3
p
2
pp
1
312
p
1
p
ccc
)ppcc(
121
21
+χ+χ
+χχ
+
 
(48) σ= )p1(ppcc)pp1(cc)p1(ppccpppc
)ppcc)(cppc(
232
pp
21
p
213113123
2
32
p
1
2
2
312
p
13
p
322
1221
21
−χ+χ−−+−+χ
+χ+χ
+
. 
 
3. Particular cases 
3.1. The Cobb-Douglas production function 
For n=1, p1=1-γ, p2=γ, γ∈(0,1), c1=0, c2=1, c3=0 we have: P(K,L)=αK1-γLγ. 
 
3.2. The CES production function 
For n=1, p1=- 2
γ
, p2=- 2
γ
, c1=δ, c2=0, c3=1-δ, δ∈(0,1) we have: 
P(K,L)=α ( ) γ−γ−γ− δ−+δ 1L)1(K . 
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3.3. The Lu-Fletcher production function 
For n=1, p1=-γ(1-β), p2=γ(1-β)+β, c1=δ, c2=1-δ, c3=0, δ∈(0,1) we obtain: 
P(K,L)=α ( )ββ+β−γβ−γ−β δ−+δ 1)1()1( LK)1(K . 
 
3.4. The Liu-Hildebrand production function 
For n=1, p1=δη, p2=(1-δ)η, c1=1-β, c2=β, c3=0, δ∈(0,1) we have: 
P(K,L)=α ( )ηηδ−δηη β+β− 1)1(LKK)1( . 
 
3.5. The VES production function 
For n=1, p1= δµ
1
-1, p2=1, c1=µ-1, c2=1, c3=0, δµ∈(0,1), µ≥1 we have: P(K,L)= 
α
δµ
−
δµδµ








+−µ LKK)1(
111
=α ( )δµδµ− +−µ LK)1(K1  a particular case of VES 
production function. 
 
3.6. The Kadiyala production function 
For c1+c2+c3=1 and c2≠0 or c2=0, but c1, c3>0 we obtain a particular case of 
Kadiyala production function. 
 
4. Theorems 
Theorem 1 The only case when RMS=k
L
K
 where k is a positive constant is the 
Cobb-Douglas function with γ=
1k
1
+
. 
Proof. From (34) we have that: 
( ) ∑∑
=
−
=
− +χχχα=+χχα
n
1i
3i1i2i
p
1i
p1p
ii
n
1i
3i
p
3i2i2i
1p
ii )ppcc()(Akcppc)(A 2i1i3i1i3i  
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therefore: 
(49) [ ] 0c)kpp(pcc)(An
1i
3i
p
2i1i3i2i
pp
1i
1p
ii
1i2i1i3i
=+χ−+χχα∑
=
+−
 
Let note I={i= n,1 pi1, pi2, pi3<0} and J={j= n,1 pj1, pj2, pj3>0} 
Because (49) holds for every χ, we have with (16): 
(50) [ ]∑
=
+−
→∞χ
+χ−+χχα
n
1i
3i
p
2i1i3i2i
pp
1i
1p
ii c)kpp(pcc)(Alim 1i2i1i3i = 
[ ]∑
∈
+−
→∞χ
+χ−+χχα
Ii
3i
p
2i1i3i2i
pp
1i
1p
ii c)kpp(pcc)(Alim 1i2i1i3i + 
[ ]∑
∈
+−
→∞χ
+χ−+χχα
Ji
3j
p
2j1j3j2j
pp
1j
1p
jj c)kpp(pcc)(Alim 1j2j1j3j = 
∑
∈
α
Ii
p
3ii
3ic +∑
∈
∞α
Ji
p
1jj
3jc . 
(51) [ ]∑
=
+−
→χ
+χ−+χχα
n
1i
3i
p
2i1i3i2i
pp
1i
1p
ii0
c)kpp(pcc)(Alim 1i2i1i3i = 
[ ]∑
∈
+−
→χ
+χ−+χχα
Ii
3i
p
2i1i3i2i
pp
1i
1p
ii0
c)kpp(pcc)(Alim 1i2i1i3i + 
[ ]∑
∈
+−
→χ
+χ−+χχα
Ji
3j
p
2j1j3j2j
pp
1j
1p
jj0
c)kpp(pcc)(Alim 1j2j1j3j = 
∑
∈
∞α
Ii
p
1ii
3ic +∑
∈
α
Ji
p
3jj
3jc . 
From (50), (51) we have that: ci1=ci3=0 ∀i∈I and cj1=cj3=0 ∀j∈J therefore ci1=ci3=0 
∀i= n,1 . 
From (49) we have now: 
(52) 0)kpp(pc)(A
n
1i
2i1i3i2i
p1p
ii
1i3i
=−χχα∑
=
−
 where Ai(χ)= 1ip2ic χ  
that is: 
(53) ∑
=
−χα
n
1i
2i1i3i
ppp
2ii )kpp(pc 3i1i3i =0. 
From the lemma we have: 
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(54) pi1-kpi2=0 ∀i= n,1  
and with the notation pi2=p we have that: pi1=kp, pi2=p, pi3= p)1k(
1
+
, p≤
1k
1
+
. 
The production function becomes: 
(55) P(K,L)= ( )∑
=
+α
n
1i
p)1k(
1
pkp
2ii LKc = 
)1k(
1
)1k(
k
LK ++α
 
after obvious notations. Q.E.D. 
Theorem 2 The only cases when for n=1, σ=k where k is a positive constant are 
the Cobb-Douglas function and CES function with γ=
k1
k
−
. 
Proof. From (37) we have that: 
)ppcc)(cppc( 312p13p322 21 +χ+χ = 
[ ])p1(ppcc)pp1(cc)p1(ppccpppck 232pp21p213113123232p122 1221 −χ+χ−−+−+χ +  
that is: 
( ) ( )
( ) 0ppcc)p1(ppckccc)pp1(ckc
pppcpppkcppcc)p1(ppckc
313213123
p
312131
p2
321
2
2
2
321
2
2
pp
322123221
2
121
=−−+χ−−−
+χ−+χ−− +
 
From lemma, we obtain that: 
(56) ( )1)p1(kppcc 23221 −− =0 
(57) )1k(pppc 232122 − =0 
(58) ( )1)pp1(kcc 2131 −−− =0 
(59) ( )1)p1(kppcc 13132 −− =0 
If c2≠0 follows from (57) that k=1 and from (56) we have that c1=0 and c3=0. The 
function is: P(K,L)= ( ) 321 ppp2 LKcα =β p1pLK −  with obvious notations. 
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If c2=0, from (58) we have that: k(1-p1-p2)-1=0 that is k= 1p
p
3
3
−
. and the function 
is: P(K,L)= ( )p1p3p1 LcKc +α  and k= p1
1
−
. Q.E.D. 
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